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ABSTRACT
One of the important consequences of the no-force condition for BPS
states is the existence of stable static multi-center solutions, at least in un-
gauged supergravities. This observation has been at the heart of many devel-
opments in brane physics, including the construction of intersecting branes
and reduced symmetry D-brane configurations corresponding to the Coulomb
branch of the gauge theory. However the search for multi-center solutions
to gauged supergravities has proven rather elusive. Because of the back-
ground curvature, it appears such solutions cannot be static. Nevertheless
even allowing for time dependence, general multi-center solutions to gauged
supergravity have yet to be constructed. In this letter we investigate the
construction of such solutions for the case of D = 5, N = 2 gauged super-
gravity coupled to an arbitrary number of vector multiplets. Formally, we
find a family of time dependent multi-center black hole solutions which are
easily generalized to the case of AdS supergravities in general dimensions.
While these are not true solutions, as they have a complex metric and gauge
potential, they may be related to a Wick rotated theory or to a theory where
the coupling is taken to be imaginary. These solutions thus provide a partial
realization of true multi-center black-holes in gauged supergravities.
1
1 Introduction
There has been much interest in the study of black hole solutions of un-
gauged and gauged supergravity theory in recent years. This is to a large
extent motivated by the study of duality symmetries and their relation to the
non-perturbative limits of string theory and M theory. In addition to pro-
viding the foundation for a microscopic understanding of black hole physics,
such explicit solutions play an important role in the conjectured AdS/CFT
correspondence. Here, the anti-de Sitter geometry arises as the vacuum of
gauged supergravities in various dimensions. Thus black holes in gauged su-
pergravities are especially relevant for investigations of AdS/CFT, and the
related brane-world models.
Consider, for example, the AdS5 × S
5 compactification of type IIB the-
ory, which gives D = 5, N = 8 gauged supergravity. The isometries of S5
lead to a SO(6) gauging, which in turn may be identified with the SO(6)
R-symmetry of the D = 4, N = 4 super-Yang-Mills theory on the bound-
ary. The AdS/CFT duality then indicates that R-charged black holes would
couple to corresponding R-charged operators of the N = 4 SYM theory.
Such black holes, both supersymmetric [1] and non-supersymmetric (non-
extremal) [2], have recently been constructed in gauged N = 2 supergravity,
which is a consistent truncation of the N = 8 theory. While the abelian
truncation of N = 8 supergravity yields exactly three vector multiplets (cor-
responding to the STU model), the solutions were in fact obtained for the
N = 2 theory coupled to an arbitrary number of vector multiplets.
Since the supersymmetric R-charged black holes are expected to satisfy
a BPS-type no-force condition, one may believe that extremal multi-center
solutions would also exist. However, unlike for their ungauged counterparts,
where multi-center black hole and p-brane configurations are well explored
and understood, only few results have been obtained for multi-center solu-
tions in gauged supergravities. The difficulty here lies in the fact that such
R-charged black holes are asymptotic to anti-de Sitter space. The presence of
the negative cosmological constant suggests that only single-center solutions
will be static. While time-dependence is perhaps natural in a cosmologi-
cal background, this added complication has yet to be fully considered in
constructing black hole solutions to gauged supergravities.
Previously, multi-center black holes that are asymptotic to de Sitter space
have been obtained in [3, 4]. As expected, these solutions are time-dependent.
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Nevertheless the time dependence enters in a natural manner, and asymp-
totically yields the cosmological metric
ds2 = −dt2 + e−2gtd~x · d~x, (1)
which has constant positive curvature. On the other hand, for the present
purpose, one would actually like to obtain solutions in a background of neg-
ative curvature, since D = 5, N = 2 gauged supergravity naturally leads to
an anti-de Sitter vacuum. While such multi-center solutions remain elusive,
they may formally be obtained by sending t → it in the de Sitter metric,
(1). Alternatively, this Wick rotation could be avoided by instead taking
an imaginary coupling g [4]. Of course, neither of these possibilities are en-
tirely satisfactory. But nevertheless this approach provides a partial solution
to the problem of constructing multi-center anti-de Sitter black holes. Fur-
thermore, as many investigations of the AdS/CFT conjecture have in fact
been performed in Euclidean space, it is perhaps not unreasonable after all
to focus on the Wick rotated theory (although in the present case, this Wick
rotation yields a pure imaginary gauge potential).
The multi-center solutions of [3, 4] have been constructed in the context of
a cosmological Einstein/Maxwell theory. As shown in [4], up to an imaginary
coupling g, this theory may be viewed as the bosonic sector of pure D = 5,
N = 2 supergravity. Within this framework, the black holes were shown to
be supersymmetric through the explicit construction of Killing spinors [4].
In this paper, we extend the work of [3, 4] to the case of N = 2 super-
gravity with an arbitrary number of vector multiplets. We construct general
supersymmetric multi-centered black hole solutions and their corresponding
Killing spinors. Some of these N = 2 models are the gauged versions of those
obtained from M-theory compactified on a Calabi-Yau threefold.
Note that in five dimensions, supersymmetric black holes for the pure
N = 2 ungauged supergravity were first constructed in [5]. The metric for
these black holes are of the Tanghelini form [6]. Subsequently, extreme black
holes for N = 2 ungauged supergravity coupled to abelian vector multiplets
were considered in [7, 8, 9]. An important feature of these black holes is
that, for those with non-singular horizons, the entropy can be expressed in
terms of the extremum of the central charge. Furthermore, the scalar fields
take fixed values at the horizon independent of their initial values at spatial
infinity [10]. BPS black holes were constructed in four-dimensional N = 2
gauged supergravity in [11].
3
2 D = 5, N = 2 Gauged Supergravity
We start with five-dimensional N = 2 gauged supergravity coupled to n− 1
abelian vector multiplets [12, 13]. The fields in this theory consists of a
graviton gµν , gravitino ψµ, n vector potentials A
I
µ (I = 1, 2, . . . , n), n − 1
gauginos λi and n − 1 scalars φ
i (i = 1, 2, . . . , n − 1). The bosonic part of
the Lagrangian is given by1
e−1L =
1
2
R + g2V −
1
4
GIJF
I
µνF
µνJ −
1
2
Gij∂µφ
i∂µφj
+
e−1
48
ǫµνρσλCIJKF
I
µνF
J
ρσA
K
λ . (2)
The scalar potential V is given by
V (X) = VIVJ
(
6XIXJ −
9
2
Gij∂iX
I∂jX
J
)
, (3)
where XI ≡ XI(φi) represent the real scalar fields, and satisfy the condition
V = 1 where
V =
1
6
CIJKX
IXJXK . (4)
This homogeneous cubic polynomial V defines a “very special geometry” of
the N = 2 theory.
The physical quantities in (2) can all be expressed in terms of V according
to
GIJ = −
1
2
∂I∂J logV
∣∣∣
V=1
,
Gij = ∂iX
I∂jX
JGIJ
∣∣∣
V=1
, (5)
where ∂i and ∂I refer, respectively, to a partial derivative with respect to
the scalar field φi and XI . Furthermore, the constants VI that arise in (3)
specify the appropriate linear combination of the vectors that comprise the
N = 2 graviphoton, Aµ = VIA
I
µ.
1Our conventions are as follows: We use the metric ηab = (−,+,+,+,+) and Clifford
algebra {Γa,Γb} = 2ηab. The gravitationally covariant derivative on spinors is ∇µ =
∂µ +
1
4ωµabΓ
ab where ωµab is the spin connection. Finally, antisymmetrization is with
weight one, so Γa1a2···an = 1
n!Γ
[a1Γa2 · · ·Γan].
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For a Calabi-Yau compactification of M-theory, V denotes the intersection
form, and XI and XI ≡
1
6
CIJKX
JXK correspond to the size of the two-
and four-cycles of the Calabi-Yau threefold. Here CIJK are the intersection
numbers of the threefold. In this Calabi-Yau case, n is given by the Hodge
number h(1,1) and CIJK are the topological intersection numbers. Some useful
relations from very special geometry are:
XIXI = 1, ∂iXI = −
2
3
GIJ∂iX
J , XI =
2
3
GIJX
J ,
XI∂iX
I = XI∂iXI = 0. (6)
In gauged supergravity theories, the supersymmetry transformations get
modified by g-dependent terms. For a bosonic background, the variations of
the gravitino and gauginos are given by [1, 2]:
δψµ =
[
Dµ +
i
8
XI(Γµ
νρ − 4δνµΓ
ρ)F Iνρ +
1
2
gΓµX
IVI
]
ǫ,
δλi =
[
−
1
4
GIJΓ
µνF Jµν +
3i
4
Γµ∂µXI +
3i
2
gVI
]
∂iX
Iǫ. (7)
Here Dµ is the fully gauge and gravitationally covariant derivative,
Dµǫ =
[
∇µ −
3i
2
gVIA
I
µ
]
ǫ. (8)
The ungauged theory is obtained in the (smooth) limit g → 0.
2.1 Multi-centered solutions in the ungauged theory
Before proceeding to the gauged theory, it is instructive to first review the
corresponding black hole solutions in the ungauged theory [7, 8, 9, 14]. Using
isotropic coordinates, it was found that, for the non-rotating cases, these
solutions can be brought to the form
ds2 = −e−4Udt2 + e2Ud~x · d~x,
AIt = e
−2UXI ,
XI =
1
3
e−2UHI , (9)
where HI are a set of harmonic functions,
HI = hI +
N∑
j=1
qI j
|~x− ~xj |2
. (10)
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It is convenient to define the rescaled coordinates
YI = e
2UXI , Y
I = eUXI , (11)
in which case the function U may be written as
e3U =
1
6
CIJKY
IY JY K . (12)
Note that the constants hI are related to the values of the scalars at infinity,
while the qI j are the electric charges.
It is straightforward to verify that this is a half BPS solution. In the
absence of gauging, the supersymmetry transformations (7) reduce to
δψµ =
[
∇µ +
i
8
XI(Γµ
νρ − 4δνµΓ
ρ)Fνρ
I
]
ǫ,
δλi =
[
3
8
ΓµνF Iµν∂iXI −
i
2
gijΓ
µ∂µφ
j
]
ǫ
=
[
−
1
4
GIJΓ
µνF Jµν +
3i
4
Γµ∂µXI
]
∂iX
Iǫ. (13)
As usual, the resulting Killing spinor equations are solved by balancing the
gauge fields with the metric for δψµ, and the gauge fields with the scalars
for δλi. The resulting Killing spinors are given by ǫ = e
−Uǫ0 where ǫ0 is a
constant spinor satisfying Γ0ǫ0 = iǫ0.
In the absence of scalar fields, i.e. for pure N = 2 supergravity theory,
this solution reduces to [5]
ds2 = −H−2dt2 +Hd~x · d~x,
At = 3H
−1. (14)
For a single center black hole, the harmonic function may be written as
H = 1 + q
r2
, so that
ds2 = −
(
1 +
q
r2
)−2
dt2 +
(
1 +
q
r2
)
(dr2 + r2dΩ23). (15)
This metric may be rewritten in a Schwarzschild form by defining a new
radial coordinate ρ2 = r2 + q, in which case the solution becomes
ds2 = −
(
1−
q
ρ2
)2
dt2 +
(
1−
q
ρ2
)−2
dρ2 + ρ2dΩ23,
Ftρ = −3∂ρ
(
1−
q
ρ2
)
. (16)
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2.2 Single-centered solutions in the gauged theory
Turning on the gauging now introduces a scalar potential which has the effect
of generating a negative cosmological constant. Spherically symmetric BPS
electric solutions were found for this case in [1, 2] and are given by
ds2 = −e−4Ufdt2 + e2U (f−1dr2 + r2dΩ23),
AIt = e
−2UXI ,
XI =
1
3
e−2UHI , (17)
where
f = 1 + g2r2e6U . (18)
These solutions are similar to those of the ungauged theory, (9), with the
only modification being the introduction of the function f which depends on
the square of the coupling constant g; for g = 0, we recover the solutions of
the ungauged case. The form of this metric, with the function f , is identical
to that used in “blackening” the standard p-brane solutions [15]. This was
in fact used to advantage in [2, 16] to blacken these AdS solutions.
The solutions (17) admit Killing spinors satisfying the projection condi-
tion [1]
ǫ = −f−1/2
(
iΓ0 + gre
3UΓ1
)
ǫ. (19)
As a result, these black holes preserve half of the supersymmetry of theN = 2
theory. While for g = 0 this condition reduces to the corresponding one in
the ungauged theory, for g 6= 0 it has a somewhat unusual form, at least from
a p-brane point of view. More details and the solution of the Killing spinor
equations, (7), are given in [1, 2] (see also [17]).
For black p-branes, the absence of a no-force condition precludes the exis-
tence of static multi-center solutions. Along these same lines, this spherically
symmetric ansatz, and in particular the explicit use of the radial coordinate in
(18), prevents the above solution from being generalized to the multi-center
case. However, unlike for the case of black p-branes, here the solutions we
seek are still BPS. Although such solutions would not be static due the cos-
mological background, supersymmetry ought to provide a useful guide in
their construction.
7
3 Multi-centered solutions in the gauged the-
ory
The difficulty in obtaining multi-center solutions within the above framework
may be made evident by turning off the electric charges, whereupon the
solution, (17), reduces to the AdS vacuum written in the form
ds2 = −(1 + g2r2)dt2 +
dr2
1 + g2r2
+ r2dΩ23. (20)
This form of the AdS metric singles out a preferred radial coordinate, and
hence is ill suited as a starting point for the construction of multi-centered
solutions. Instead, it would be more natural to use an isotropic metric ansatz
of the form
ds2 = −e2Adt2 + e2Bd~x · d~x, (21)
where A and B are functions of (t, ~x).
Before turning to the full construction of the solution, it is instructive
to examine the form of the AdS vacuum given this isotropic ansatz. Unfor-
tunately it is at this stage that one encounters the difficulty of confronting
either imaginary time or coupling. For a multi-center solution, we insist
on starting with a space-isotropic2 AdS vacuum metric, so that A and B
can only be functions of time. In this case, A(t) may be transformed away,
leaving only B(t) to consider. The natural choice B = −2gt, given in (1),
however yields a constant positive curvature metric
Rµνρσ = g
2(gµρgνσ − gµσgνρ). (22)
Thus one is left with little choice but to take gt→ igt, yielding
ds2 = −dt2 + e−2igtd~x · d~x. (23)
To obtain a real metric, one may either performing a Wick rotation3, t→ it,
or transform to imaginary coupling g → ig.
2If this condition were relaxed, one could select a ‘preferred’ space coordinate, z, and
write the metric in Poincare form, A = B = − log gz. However this would not lead to a
suitable background from which to construct localized black holes.
3Note, however, that in Wick rotating the solution, the gauge potential AIt becomes
pure imaginary. Thus in either case one ends up with imaginary or complex quantities in
the gauge sector.
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3.1 Construction of the solutions
With this AdS vacuum in mind, our aim is to find supersymmetric multi-
black hole solutions through examination of the Killing spinor equations.
While these first order equations are often more convenient to work with, the
complete solution must still be fixed through the use of at least one equation
of motion. The convenient choice here is to use the Bianchi identities and
equations of motion of the gauge fields of the theory.
We start with the supersymmetry transformation of the gravitino. For a
bosonic background and the time-dependent ansatz, this becomes
δψt =
[
∂t −
3i
2
gVIA
I
t +
1
2
geAXIVIΓ0
]
ǫ− 1
2
Γm
[
∂me
AΓ0 + iXIFtm
I
]
ǫ,
δψm =
[
∂m −
i
2
e−AXIFtm
IΓ0
]
ǫ+ 1
4
Γm
n
[
2∂nB + ie
−AXIFtn
IΓ0
]
ǫ
−1
2
Γm
[
e−A∂tBΓ0 − gX
IVI
]
ǫ. (24)
Note that the corresponding transformation in the ungauged limit is restored
by setting g = 0 and choosing all quantities to be time independent. The
conditions for obtaining a vanishing transformation may then be grouped
into ones common to the ungauged limit:[
eA∂mA− iXIFtm
IΓ0
]
ǫ = 0,[
eA∂m(−2B)− iXIFtm
IΓ0
]
ǫ = 0,[
2eA∂m − iXIFtm
IΓ0
]
ǫ = 0 (25)
and new conditions specific to the gauged supergravity theory:[
2∂t − 3igVIA
I
t + ge
AXIVIΓ0
]
ǫ = 0,[
∂tB + ge
AXIVIΓ0
]
ǫ = 0. (26)
In parallel with the ungauged theory, the vanishing of the first set of
equations, (25), suggests the imposition of the condition Γ0ǫ = iǫ on the
Killing spinors. This leads to the requirement
XIFtm
I = −∂me
A, (27)
as well as a relation between the metric functions A and B,
B(t, ~x) = −1
2
A(t, ~x) + f(t). (28)
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In addition, the Killing spinor must satisfy
ǫ(t, ~x) = e
1
2
A(t,~x)ǫˆ(t). (29)
We will complete the construction of the Killing spinors and return to the
additional conditions, (26), below.
For now, we turn to the gaugino transformation, given by
δλi = −
3i
4
[
e−A∂tXIΓ0 − 2gVI
]
∂iX
Iǫ
−1
4
Γm
[
2e−AGIJFtm
JΓ0 − 3i∂mXI
]
∂iX
Iǫ. (30)
Thus two equations are obtained:[
2e−AGIJF
J
tm + 3i∂mXIΓ0
]
∂iX
Iǫ = 0, (31)[
∂tXI + 2ge
AVIΓ0
]
∂iX
Iǫ = 0. (32)
The first equation, also present in the ungauged theory, together with (27)
implies the following connection:
GIJF
J
tm =
3
2
e2A∂m(e
−AXI) (33)
This can be verified by using the relations (6). In particular, combining (33)
with (6), we obtain
e−AGIJFtm
J∂iX
I = 3
2
eA∂m(e
−AXI)∂iX
I = 3
2
∂mXI∂iX
I ,
XIFtm
I = 2
3
GIJX
JF Itm = e
2A∂m(e
−AXJ)X
J = −∂me
A, (34)
which solves both (27) and (31). Therefore one can easily deduce that the
gauge fields and scalars are related according to
AIt = e
AXI . (35)
To no surprise, this relation is identical to that found previously for the
multi-center solution in the ungauged theory, (9), and for the single-center
solution in the gauged theory, (17).
Until now we have only used supersymmetry to fix the relation between
the bosonic fields of the solution. To proceed, we turn to the equation of
motion for the gauge fields:
∇ν(GIJF
µν J) = 1
16
CIJKǫ
µνλρσF JνλF
K
ρσ. (36)
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For a purely electric solution, the right hand side of the equation vanishes.
There are two cases, corresponding to µ = t and µ = n. Inserting the
metric ansatz, (21), and making use of the relations (28) and (35), the gauge
equation of motion then yields
∂m∂m(e
−A+2f(t)XI) = 0,
∂m∂t(e
−A+2f(t)XI) = 0. (37)
The first equation suggests a solution in terms of a harmonic function
e−AXI =
1
3
HI(t, ~x), (38)
while the second equation specifies the time dependence of HI . The factor
of 1/3 proves to be a convenient normalization [1]. As shown in [3, 4], the
solution is given simply by choosing
HI ≡ HI(e
f(t)~x) = hI +
N∑
j=1
qI j
e2f(t)|~x− ~xj |2
. (39)
At this stage, we have satisfied all Killing spinor equations common to
both the gauged and ungauged cases. What remains to be worked out are
the new equations specific to the gauged theory, (26) for the gravitino and
(32) for the gaugino. The function f(t) can be obtained from the vanishing
of the gaugino transformation, which gives
[∂tHI + 6igVI ] ∂iX
Iǫ = 0, (40)
where we have used the special geometry relation XI∂iX
I = 0 to eliminate
a term proportional to the time derivative of eA. In fact, this same relation
allows the above equation to be satisfied provided the quantity in the brackets
is proportional to XI and thus HI . Since
∂tHI = −2(HI − hI)∂tf, (41)
we find the solution f(t) = −igt, where we have used VI = hI/3. This
imaginary time solution yields a metric
ds2 = −e2Adt2 + e−Ae−2igtd~x · d~x, (42)
which is asymptotic to the vacuum AdS metric of (23). The metric function A
may be determined from the underlying very special geometry, which implies
that
e−
3
2
A = V(Y ) =
1
6
CIJKY
IY JY K . (43)
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3.2 Killing spinors
We now return to the additional gravitino variations, (26), and solve for the
Killing spinors. Using the solution for the gauge fields, (35), we obtain the
following two equations for the Killing spinor:[
∂t(−B)− ige
AXIVI
]
ǫ = 0,[
∂t − ige
AXIVI
]
ǫ = 0. (44)
Combining these equations, we see that the Killing spinor must have the
form
ǫ(t, ~x) = e−B(t,~x)ǫ˜(~x) = e
1
2
A(t,~x)e−f(t)ǫ˜(~x), (45)
which is only consistent with the previous condition, (29), for constant ǫ˜(~x),
i.e. ǫ˜(~x) = ǫ0 and ǫˆ(t) = e
−f(t)ǫ0.
In order to check whether the first equation of (44) is satisfied we evaluate
the quantity gXIVI . This can be done using our ansatz and the relations of
very special geometry. First, using our solution, we write
gXIVI =
1
3
gXI(HI − (HI − hI))
= ge−A −
1
2
g
∂tf
∂te
−A, (46)
where we have used e−A = 1
3
XIHI as well as the relation (41) for the time
derivative of HI . From this, we obtain
gXIVI =
g
∂tf
e−A∂t(f −
1
2
A) =
g
∂tf
e−A∂tB, (47)
which indeed satisfies (44) since f(t) = −igt. As a result, the Killing spinor
has the simple expression
ǫ = e−Bǫ0 = e
1
2
Aeigtǫ0. (48)
For g = 0, this expression for the Killing spinor, as well as the entire solution,
reduces to that of the ungauged theory. Furthermore, the periodic time
coordinate in AdS is apparent in (48), with t→ t+ 2π/g.
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4 Discussion
To summarize, we have explored the construction of multi-center black hole
solutions to D = 5, N = 2 gauged supergravity. Extending the work of [3, 4],
we have found imaginary time (or imaginary coupling) solutions breaking
exactly half of the supersymmetry. These solutions may be written in the
form
ds2 = −e2Adt2 + e−Ae−2igtd~x · d~x,
AIt = e
AXI ,
XI =
1
3
eAHI , (49)
with
e−
3
2
A = V(Y ) =
1
6
CIJKY
IY JY K . (50)
In addition to the explicit factor e−2igt in the metric, time dependence also
arises in the harmonic functions
HI(t, ~x) = HI(e
−igt~x) = hI + e
2igt
N∑
j=1
qI j
|~x− ~xj |2
. (51)
This inclusion of time dependence naturally generalizes the multi-center so-
lution to the ungauged theory, (9) and (10).
This solution may be made more concrete by considering the so-called
STU = 1 model (X1 = S, X2 = T , X3 = U). From (49), we find
e−ATU = H0, e
−ASU = H1, e
−AST = H2, (52)
where H0, H1 and H2 are harmonic functions of the form (51). Eqn. (52)
together with the fact that STU = 1 implies the following solution for the
metric and the moduli fields:
e−3A = H0H1H2 (53)
and
S =
(
H1H2
H20
) 1
3
, T =
(
H0H2
H21
) 1
3
, U =
(
H0H1
H22
) 1
3
. (54)
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The gauge fields are then given simply by
A1t =
1
H0
, A2t =
1
H1
, A3t =
1
H2
. (55)
It may be noted that this construction of time-dependent multi-center
black hole solutions has a straightforward generalization to arbitrary dimen-
sional AdS black holes. The most straightforward cases would be to four
and seven dimensions, where the corresponding gauged supergravity theories
have been well studied. As a generalization, one may also imagine seeking
multi-centered p-brane solutions asymptotic to AdS. However in this case
even single p-branes in AdS have not yet been fully explored (but see [18, 19]
for the case of a magnetic string in AdS5). Recently, a procedure was given
in [20, 21] to lift certain multi-centered solutions in Poincare´ supergravity
to corresponding solutions to gauged supergravities. Starting from a multi-
centered (p−1)-brane in (d−1) dimensions, this configuration may be lifted
to yield a multi p-brane solution in AdSd, with a resulting metric in “horo-
spheric” form, i.e. with a metric factor e−2gz instead of e−2igt where z is the
(spatial) lifting coordinate. In the present case, we have little choice but to
use time in this construction, as it is the only coordinate longitudinal to a
black hole solution. This suggests that the multi-center solutions we have
found may be viewed as lifted instantons of a (d − 1)-dimensional theory.
It is because these are instantons that one ends up with an Euclideanized
version of the theory. Finally, it remains an open issue to construct true
multi-centered solutions of the gauged supergravity theory without resorting
to any Wick rotation or use of an imaginary coupling.
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